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Abstract 
The local flexibility method (LFM), which can determine local stiffness variations of beam structures using measured modal 
parameters, is a promising approach for damage detection of structures using vibration signals. The LFM method is founded on 
virtual forces that cause nonzero stresses within a local part of the structure. In this study, non-local virtual forces which cause 
concentrated stresses in a local part and nonzero stresses in the other parts of a structure are employed. The theoretical basis of 
the proposed pseudo local flexibility method (PLFM) which uses the non-local virtual forces is derived. The effects of the 
number of modes on damage detection results of three damage scenarios of a numerical hyperstatic beam are studied. The results 
show that much fewer modes are required for the PLFM to estimate the damage locations and extents. Therefore, the feasibility 
of the PLFM is higher due to limited number of high quality modes can be identified in real world application, especially for 
ambient vibration measurement. 
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1. Introduction 
Many vibration-based structural damage detection techniques which perform damage diagnosis of a structure 
based on structural dynamic characteristic parameters have been proposed in the last two decades. Toksoy and 
Aktan (1994) first tried to detect damage locations based on structural flexibility matrices of a beam structure. 
However, the damage detection algorithms based on flexibility matrices lack a solid theoretical background until the 
damage location vector method which can locate damage was developed by Bernal (2002). Reynders and De Roeck 
(2010) further developed the local flexibility method (LFM) with a robust theoretical background to not only detect 
damage locations but also damage extents.  
The LFM utilizes flexibility matrices of a beam structure constructed by lateral displacement mode shapes. 
Combined with corresponding load configurations which cause stress fields within a local region of the beam 
structure, the damage extent of the local region can be estimated. The LFM does not require a finite element model 
of the beam structure. The structural modal parameters identified from the ambient vibration signals both before and 
after damage is the key information for the LFM. The number of modes necessary for the LFM is usually quite 
small, especially for a simply supported beam where only the first mode could be sufficient. However, for a 
hyperstatic beam, the number of modes required for estimation of the damage could be much higher. This makes the 
feasibility of the LFM much lower because in practice only the first few modes could be identified with high quality 
using ambient vibration signals. Therefore, in this study, non-local virtual forces which cause concentrated stresses 
in a local part and nonzero stresses in the other parts of a structure are employed. The theoretical basis of the 
proposed method which uses non-local virtual forces is derived. The effects of the number of modes on damage 
detection results of three damage scenarios of a numerical hyperstatic beam are studied. The proposed method is 
named as the pseudo local flexibility method (PLFM) and is explained and validated in the following sections. 
2. Pseudo Local Flexibility Method 
The PLFM considers a structure with volume ߗ and boundary ࢣ which is subjected to the Dirichlet boundary 
conditions along part of the boundary. A first load system f1 is applied at a limited number of r DOFs where 
response can be measured. The first load system for the PLFM induces a stress field ࣌1 that consists of concentrated 
stresses in a small volume ߗ and also small stress outside ߗ. Note that f1 is assumed only causes non-zero stress 
within ߗ for the LFM. Based on the virtual work principle, the damage detection equation of the PLFM for a beam 
structure can be derived as Equation (1) if the strain energy within ߗ is neglected. 
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The virtual displacement vector x1 under the first load system f1 can be obtained using the truncated flexibility 
matrix constructed by identified modal parameters. 
Based on the theory above, the three main sources of error when estimating rigidity reduction using PLFM are: (1) 
the truncation error of flexibility matrix due to limited number of modes, denoted as ERH; (2) the assumption that 
stress remains the same after damage for hyper-static beams, denoted as ER࣌; and (3) the neglect of virtual strain 
energy within ߗ, denoted as ERE. Note that for the LFM only ERH and ER࣌ exists, while for the PLFM all three 
errors exist. The key point of the PLFM is that if the non-local first load system  f1 can reduce ERH for a large 
amount and at the same time induce ERE which is much smaller than ERH, the chosen of the non-local first load 
system should benefit the damage detection results. 
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3. Numerical studies 
We use the same numerical beam model in (Reynders and De Roeck’s 2010) to illustrate the feasibility of the 
proposed PLFM. A hyperstatic IPE100 of 6m length is modeled by 48 beam elements of equal length. It is assumed 
that only the vertical accelerations at the 25 equidistant points are measured (Figure 1). Totally three damage 
scenarios are considered. The first two damage scenarios are: (1) a bending rigidity reduction of 5% at the 2 
elements adjacent to measurement point 4 and the elements between points 9 and 13; and (2) a bending rigidity 
reduction of 10% between elements 3 and 5 and between points 9 and 15. The last damage scenario is the same as 
the first damage scenario but the stiffness reduction ratio increases to 90%. 
     
Fig. 1. Measurement points and EI distribution of the three damage scenarios of a hyperstatic beam. 
At each measurement point, the force configuration in Figure 2(a) and Figure 2(b) is applied as f1 for the PLFM 
and LFM, respectively. The corresponding displacements at the measured DOFs are calculated using the truncated 
flexibility matrices constructed by different number of modes. For both methods, the force configuration in Figure 
2(a) is applied as f2.  
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Fig. 2. A load configuration of a beam structure (a) causes concentrated virtual stresses within the region between node j-1 to node j+1; (b) causes 
non-zero virtual stresses only within the region between node j-2 to node j+2. 
Figure 3(a) shows the estimated relative bending rigidity, denoted as R, estimated with the first 2 unscaled modes 
using the PLFM and LFM, as well as the reference value which can be calculated using the exact flexibility matrix 
and the virtual forces. It is evident that the estimated relative bending rigidity using the LFM is quite close to the 
reference value only at measurement points 6, 7, 9, 11, 13 and between 15 and 23. The estimated relative bending 
rigidity using the LFM at the other points is far from the reference value. These points are at the measurement points 
where nonzero stresses exist at both damaged and undamaged locations. On the other hand, the estimated relative 
bending rigidity using the PLFM is quite close to the reference value at any locations. The relative bending rigidity 
estimated using the LFM becomes acceptable if the first 12 unscaled modes are used, as shown in Figure 3(b). Note 
that the relative bending rigidity estimated using the PLFM is even more accurate than the one estimated using the 
LFM at most of the points. Similar phenomenon can be observed from the second damage scenario as shown in 
Figure 4(a) and 4(b). In Figure 4(a), the estimated rigidity reduction ratio using the LFM at point 4, 6, 8, 10, 14 and 
16 is far from the reference value. Again, these points are also at the measurement points where nonzero stresses 
exist at both damage and undamaged locations. The estimated rigidity reduction ratio at point 16 is 4.2, which is 
outside the limit of the vertical-axis. In the damage scenario 3, the damaged beam becomes more complex because 
the bending rigidity reduction ratio increases to 90%. As a result, in order to estimate the relative bending rigidity, 
the required number of modes for the PLFM increases to 9 as shown in Figure 5(a), while the required number of 
modes for the LFM increases to 16 as shown in Figure 5(b).  
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 (a)     (b)  
Fig. 3. Estimated rigidity reduction ratio for damage scenario 1 using (a) the first 2 unscaled and (b)first 12 unscaled modes. 
(a)     (b)  
Fig. 4. Estimated rigidity reduction ratio for damage scenario 2 using (a) the first 2 unscaled and (b)first 12 unscaled modes. 
(a)     (b)  
Fig. 5. Estimated rigidity reduction ratio for damage scenario 3 using (a) the first 9 unscaled and (b)first 16 unscaled modes. 
Obviously, based on the numerical results above, the PLFM can estimate the relative bending rigidity much 
closer to the reference value if the same number of modes are used. Much fewer modes are required for the PLFM to 
estimate the rigidity reduction ratios. The merit of PLFM can be explained via the following two reasons.  
The first reason is that the error caused by the neglect of strain energy within ߗq , i.e. ERE , is quite small 
comparing to ERH . For instance, when the load configuration in Figure 2(a) is applied at the measurement point 9 
of the intact beam as the first load system f1, the strain energy within ߗq is 20.6% of the strain energy within ߗp. 
When the same load is applied at the same point of the beam with damage scenario 1, the strain energy within ߗq 
becomes 21.2% of the strain energy within ߗp. The error ERE  caused by neglect of the strain energy within ߗq is 
only 2.8%, which is the largest ERE  for damage scenario 1. The smallest ERE  for damage scenario 1 is 0.0% when 
the load configuration in Figure 2(a) is applied at the measurement point 2. As long as the ratio between the strain 
energy within ߗp and ߗq do not change too much, the error ERE  caused by the neglect of strain energy within ߗq is 
quite small. It is evident that this ratio could change more if larger rigidity reduction is induced. Taking the damage 
scenario 3 for example, the maximum ERE  is at point 10 whose error increases to 18.5%. Even though, the rigidity 
reduction ratio estimated using the PLFM is still much better than the LFM using the same number of modes, as 
shown in Figure 5(a). 
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The second reason is that the accuracy of flexibility matrix required by the first virtual load system f1 for the 
LFM is much higher than the one for the PLFM. For the PLFM, the first virtual load system f1 is much simpler. As a 
result, the exact virtual displacement caused by the f1 can be estimated using a truncated flexibility matrix 
constructed with fewer modes. On the contrary, for the LFM, the first virtual load system f1 is more complex, which 
causes the exact virtual displacement also more complex. Therefore, the exact virtual displacement could not be 
estimated with acceptable accuracy using a rough flexibility matrix constructed with fewer modes. 
4. Conclusions 
In this paper, a pseudo local flexibility method (PLFM) to localize and quantify the damage of a hyperstatic beam 
structure is proposed. The PLFM breaks the constraint of the LFM that only virtual forces which cause nonzero 
local stress within a small part of a structure can be applied. That is, non-local virtual forces which cause a global 
but concentrated stress filed of a structure is valid for the PLFM. The release of the constraint on the virtual forces 
makes a simple force configuration possible. The results of numerical studies of a hyperstatic beam show that much 
fewer modes are required for the PLFM to estimate the damage location and extent with acceptable accuracy. 
Therefore, the feasibility of the PLFM is higher due to limited number of high quality modes can be identified in 
real world application, especially for ambient vibration measurement. 
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